A novel model for the variability in aerosol optical thickness (AOT) is presented. This model is based on the consideration of AOT fields as realizations of a stochastic process, that is the exponent of an underlying Gaussian process with a specific autocorrelation function. In this approach AOT fields have lognormal PDFs and structure functions having the correct asymptotic behavior at large scales. The latter is an advantage compared with fractal (scale-invariant) approaches. The simple analytical form of the structure function in the proposed model facilitates its use for the parameterization of AOT statistics derived from remote sensing data. The new approach is illustrated using a month-long global MODIS AOT dataset (over ocean) with 10 km resolution. It was used to compute AOT statistics for sample cells forming a grid with 5° spacing. The observed shapes of the structure functions indicated that in a large number of cases the AOT variability is split into two regimes that exhibit different patterns of behavior: small-scale stationary processes and trends reflecting variations at larger scales. The small-scale patterns are suggested to be generated by local aerosols within the marine boundary layer, while the large-scale trends are indicative of elevated aerosols transported from remote continental sources. This assumption is evaluated by comparison of the geographical distributions of these patterns derived from MODIS data with those obtained from the GISS GCM. This study shows considerable potential to enhance comparisons between remote sensing datasets and climate models beyond regional mean AOTs. 
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56
The scaling properties of AOT were studied by Anderson et al. (2003) using autocorrelation 57 statistics. This study revealed that mesoscale aerosol variability (at 40 -400 km scales) is a com-58 mon feature of lower-tropospheric aerosol light extinction. Another application of scaling analysis 59 to AOT variability was performed by Alexandrov et al. (2004) . They studied AOT scaling using 60 the 1-month dataset from a sun-photometers network operated by the U.S. Department of Energy 
82
We will apply our analytical model to the statistics derived from global Moderate Resolution
83
Imaging Spectroradiometer (MODIS) AOT product (Remer et al. 2005 (Remer et al. , 2008 ; Levy et al. 2010 ).
84
It will be shown that the shapes of the MODIS-derived SFs in many cases suggest the presence of 85 two distinctive variability modes, which we attribute to two aerosol layers separated by height (one 86 within the boundary layer, the other above it). Such a separation adds a "third dimension" to the 
98
(2012)). The SF is equivalent to the variogram that is used in geostatistics (Curran 1988) . In our 99 model we will use the second-order SF that is defined for a 1D case as follows
Here τ is the AOT, r is the lag, or separation between points, and the over-bar denotes averaging x. The definition of S 2 is equivalent to that of the variance of the increment field
i.e.
105
S 2 (r) = Var(∆ r τ),
assuming that ∆ r τ = 0. The structure function definition for the 2D case is similar to that for the 106 1D case:
where x and r are now 2D vectors, and r = |r|. The averaging in x is performed over some spatial 108 domain. This implicitly assumes statistical isotropy of the AOT field.
109
Computation of a structure function (1D or 2D) does not require continuity of the AOT dataset,
110
which can have gaps or even be a collection of values at discrete points in space or time. To derive 111 a SF we take all available data points and consider all possible pairs of them. For each pair we 112 calculate the distance and the difference in AOT between the two points. Then the set of these 113 distances and differences from all pairs is used to build a histogram (square difference in AOT vs.
114 distance between points), which is the SF for this dataset.
115
If the aerosol field consists of n independent (e.g., separated by height) layers each having an
116
AOT of τ (i) (x), the total AOT
will have the following statistics:
and
The latter relation follows from Eq. (3).
120
In the important case of scale-invariant (fractal) fields structure functions have a power-law form:
where H ∈ (0, 1) is the Hurst exponent (Mandelbrot 1982 
is a scale-independent constant. A power-law SF Eq. 
which is related to the structure function by the expression
The asymptotic condition Eq. (9) then means that W → 0 as r → ∞. with η being a Gaussian field defined by its mean, variance, and autocorrelation function w(r).
151
Realizations of such a process can be constructed using Fourier filtering techniques that use power 152 spectrum computed for a prescribed autocorrelation function (see e.g., Bell (1987) ). An alterna-
153
tive method to generate a Gaussian field using the summation of multiple realizations of a binary 154
Markov process is described in the supplemental material.
155
It is shown in Appendix A following the approach described by Mejia and Rodriguez-Iturbe
156
(1974) that the structure and autocorrelation functions of the AOT field can be expressed through the autocorrelation function w(r) of the underlying Gaussian process:
Here we use the notation
whereτ and s are respectively the mean and standard deviation of the AOT field. The function functional form of w(r) satisfying these conditions is exponential:
where L e is the autocorrelation length. law behavior for the small-scale limit case. We choose the following expression: 
First, we determine L e from the condition
190
− ln w(L e ) = 1.
The small-scale Hurst exponent H can then be derived from Eq. less than 10% of all global 10 km boxes in the MODIS product have valid AOT retrieval due to 238 avoidance of clouds and sunglint. We deal with this issue by setting a threshold on the number of 239 data pixels in the sample, and also by controlling the quality of SFs (those that are too noisy to be 240 well fit by our models are discarded).
241
To give an example of the effect of sample size on the retrieved statistical parameters we compare with the lag at small scales, while decreasing at large scales due to the effect of finite sample size.
261
It looks like the effect of N p on the SF starts to dominate once a threshold is crossed. The SF 262 monotonically increases with lag and is in good agreement with its regional analog ( partial saturation feature we decompose (using e.g., linear regression) the 1D or 2D small-scale
289
AOT sample into a sum of two independent components: a trend (which is close to a linear func-290 tion) and a stationary field. Then, according to Eq. (7), the total SF can be represented as a sum 
304
While some trends can be present in an ambient aerosol layer (as is likely to be the case in with the stationary component in AOT.
313
The parameters of the transported mode SF cannot be retrieved using the local AOT variance, 314 however, the MBL mode SF can be separated and characterized fairly well due to its small-scale 
318
Besides the two-mode method, we also continue to employ the single-mode technique described Peninsula. This structure function looks similar to that for the Saharan dust case (Fig. 6(b) ) and 348 has similar parameters, however, the AOT here is much smaller: 0.4. The SF from the middle of 349 the Indian Ocean (Fig. 6(e) ) also has a pronounced partial saturation feature, while the AOT ≈ 
362
The SF parameters L e and H derived using the single-mode approach are presented in Fig. 8 .
363
The larger values of both of these parameters, especially L e , correspond to the areas where con- 
371
This artifact is probably caused by a known minor problem with the definition of the MODIS day
372
(sometimes an orbit crossing the dateline is counted on the wrong day) and can also be seen in 
Comparison with GCM output

385
While producing a plausible qualitative picture, the proposed layer separation technique needs 
395
The monthly averaged mean AOT map from the GCM simulations is presented in Fig. 9 (top).
396
Visual comparison between this map and that in Fig. 7 in Fig. 9 (bottom) ), as well as by uncertainties in the assumed size distributions and hygroscopic
407
properties of sea salt aerosols. (Fig. 9 (bottom) ). Note that the MODIS-derived maps in Fig. 10 were "enhanced" to make The partition of the AOT into two modes allows us to compute the fraction of the total AOT that 421 is in the elevated mode. This parameter can be used as an indicator of long-range transport, even 422 when the transported aerosol mass is optically thin. Fig. 11 presents the geographical distributions 423 of this ratio derived from the observations (left) and from the GCM data (right). Above, we 424 mentioned that mixing between aerosol layers in the model is weaker than in the SF analysis.
425
This means that the GCM AOT ratio plot has more contrast than its MODIS analog: large AOT 426 ratios are larger, while the small ones are smaller. Thus, in order to facilitate comparisons between 427 aerosol transport features in the model and observations and to make the corresponding maps more 428 similar, we increased the contrast in Fig. 11 (left) by reducing the color range.
429
The geographical distribution of the AOT ratio in Fig. 11 (left) is similar to that of L e in the 430 single-mode approach that is shown in Fig. 8 (top) . This confirms that large-scale features in AOT pronounced in observational data than in the GCM results, although it is present in both datasets.
443
The same can be said about the feature off the north-western coast of Australia having very small while we see no indication of this in the satellite data. We also see less transport from the US East
452
Coast than is suggested by the model. variability on a regional scale with SF saturation occurring around 5000 km lag (Fig. 3 (top left) ).
474
We also computed the means, standard deviations, and SFs of the AOT field for a one-month-long While, rigorously speaking, we only observe the split in the total column AOT variability rather known to be affected by long-range aerosol transport (desert dust, biomass burning smoke, etc.).
497
The advantage of our method is in its ability to detect transport of relatively thin aerosol plumes 498 that are not clearly identified in the total AOT datasets.
499
The set of variability parameters that can be derived from satellite data in addition to the 500 mean AOT has the potential to enhance comparisons between remote sensing datasets and cli-501 mate models. High spatial resolution models can now provide data for structure function analy- to thank the two anonymous reviewers for thoughtful remarks that allowed us to substantially 525 improve the paper. We also thank A. Davis and M. Mishchenko for useful discussions.
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APPENDIX A
527
Statistics of modelled AOT fields
528
Here we derive the statistics of the exponential AOT field
based on a Gaussian process η having the mean µ, variance σ 2 , and autocorrelation function w(r).
530
The field τ has log-normal PDF with the mean 
Here we introduced the parameter
We start derivation of the structure function for τ with computation of the corresponding autocor-534 relation function. The covariance between τ 1 = τ(t) and τ 2 = τ(t + r) has the form
To compute it we need to know the mean of τ 1 τ 2 = exp(η 1 + η 2 ). The random variable η 1 + η 2 536 being a sum of normally distributed variables is normally distributed itself. It has the mean 2µ and 537 the variance
Thus, the exponent of this variable is distributed log-normally with the mean
Thus, the autocorrelation function for τ has the form 540 W (r) =τ 2 (u w(r) − 1)
Note that as w(0) = 1 and w(r → ∞) = 0, W (r) has the same properties. The structure function 541 can be computed according to Eq. (11):
where z(r) = 1 − w(r). It is easy to see that S(0) = 0 and S 2 (r → ∞) = 2s 2 . In the small-scale 543 limit, if we assume z(r) ∝ r 2H , the structure function has the same power-law behavior:
indicating that AOT behaves as Fractional Brownian motion with the Hurst exponent H.
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APPENDIX B
546
Fitting structure functions with partial saturation
547
The real satellite data examples presented in Fig. 6 indicate that in many cases the structure 548 function shapes deviate from the form described by Eqs. (12), (16) superpositions of two components corresponding to trend(s) and a relatively stationary AOT field.
551
While the trend component's SF is expected to be simply quadratic in scale, it appears that we 552 can successfully fit the measured structure function using the same model for both components.
553
This means that we formally assume that aerosol consists of two independent modes or layers. We 554 need to keep in mind, however, that while the MBL SF has physical meaning, the representation 555 of the trend contribution as a formal SF is an abstraction used only for fitting. Since parameters of 556 the "trend SF" have no real meaning, we relax the requirement of H < 1 for it to improve fitting 557 flexibility.
558
We assume that the stationary and the trend components are statistically independent as if they 
where τ, s, and S 2 (r) are known, while τ 1 , τ 2 , s 1 , s 2 , and the parameters of the two SF components 562 are to be determined. Here and below index "1" corresponds to the trend component, while index 
565
(B2) and (B3). In order to make this fitting more robust, and to reduce the number of retrieved 566 parameters (which may have trade-offs between them), we complement the latter two equations 567 with another condition:
(which is equivalent to u 1 = u 2 ). We see in real satellite data shown in Fig. 7 
and the retrieval method utilizes the assumption that that the MBL component's structure function 574 S (2) (r) quickly saturates and is close to the constant 2s 2 2 in the scale range between L e /2 and L e .
575
Thus, for each value of α the trend SF in this range can be computed as
This SF is then fitted in the range [L e /2, L e ] according to the method described in Section 4, given
Here we used that according to Eq. (B4)
After the parameters of S (1) (r) are determined its analytical form is derived from Eqs. (12) and
579
(16) and subtracted from S 2 (r) to obtain S
2 (r), which is also parameterized using the single- evaluated, and the value of α is determined by the best fit.
583 Figure B1 illustrates the above fitting method on the example of the data from the Indian Ocean,
584
which is also presented in Fig. 6(e) . The red curve corresponds to the SF derived from the data.
585
The partial saturation is clearly seen at the scales below 400 km. The initial single-mode fit based smoothed by moving averaging. Note that monthly averages for each mode were taken only over days when this mode was present, thus, the components means do not add up to the total mean in Fig. 7 (top) . 
